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Abstract. In the present paper we study local and 2-local derivations of locally finite
split simple Lie algebras. Namely, we show that every local and 2-local derivation on
such Lie algebra is a derivation.
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1. Introduction
The notion of local derivation were first introduced in 1990 by R.V.Kadison [13] and
D.R.Larson, A.R.Sourour [14]. A linear operator ∆ on an algebra A is called a local
derivation if given any x ∈ A there exists a derivation Dx(depending on x) such that
∆(x) = Dx(x). The main problems concerning this notion are to find conditions under
which local derivations become derivations and to present examples of algebras with
local derivations that are not derivations. R.V.Kadison proved that each continuous
local derivation of a von Neumann algebra M into a dual Banach M-bimodule is a
derivation.
Investigation of local and 2-local derivations on finite dimensional Lie algebras were
initiated in papers [2, 3]. In [2] the first two authors have proved that every local
derivation on semi-simple Lie algebras is a derivation and gave examples of nilpotent
finite-dimensional Lie algebras with local derivations which are not derivations. In [5]
local derivations of solvable Lie algebras are investigated and it is shown that any local
derivation of solvable Lie algebra with model nilradical is a derivation.
In 1997, P.Šemrl [12] introduced the notion of 2-local derivations and 2-local au-
tomorphisms on algebras. Namely, a map ∇ : A → A (not necessarily linear) on an
algebra A is called a 2-local derivation, if for every pair of elements x, y ∈ A there exists
a derivation Dx,y : A → A such that Dx,y(x) = ∇(x) and Dx,y(y) = ∇(y). The notion of
2-local automorphism is given in a similar way. For a given algebra A, the main prob-
lem concerning these notions is to prove that they automatically become a derivation
(respectively, an automorphism) or to give examples of local and 2-local derivations or
automorphisms of A, which are not derivations or automorphisms, respectively.
Solution of such problems for finite-dimensional Lie algebras over algebraically closed
field of zero characteristic were obtained in [1, 3, 9]. Namely, in [3] it was proved that
every 2-local derivation on a semi-simple Lie algebra L is a derivation and that each
finite-dimensional nilpotent Lie algebra, with dimension larger than two admits 2-local
derivation which is not a derivation. Concerning 2-local automorphism, Z.Chen and
D.Wang in [9] proved that if L is a simple Lie algebra of type Al, Dl or Ek, (k = 6, 7, 8)
over an algebraically closed field of characteristic zero then every 2-local automorphism
of L is an automorphism. Finally, in [1] it was proved that every 2-local automorphism
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of a finite-dimensional semi-simple Lie algebra over an algebraically closed field of char-
acteristic zero is an automorphism. Moreover, have shown also that every nilpotent Lie
algebra with finite dimension larger than two admits 2-local automorphisms which is
not an automorphism.
In [6, 7] the authors studied 2-local derivations of infinite-dimensional Lie algebras
over a field of characteristic zero and proved that all 2-local derivations of the Witt
algebra as well as of the positive Witt algebra and the classical one-sided Witt algebra
are (global) derivations and every 2-local derivation on Virasoro algebras is a derivation.
In [4] we have proved that every 2-local derivation on the generalized Witt algebra
Wn(F) over the vector space Fn is a derivation. In [8] Y.Chen, K.Zhao and Y.Zhao
studied local derivations on generalized Witt algebras. They proved that every local
derivation on Witt algebras is a derivation and that every local derivation on a centerless
generalized Virasoro algebra of higher rank is a derivation.
In the present paper we study local and 2-local derivations of locally finite split simple
Lie algebras.
2. Preliminaries
In this section we give some necessary definitions and preliminary results (for details
see [10, 11]).
A Lie algebra g over a field F is a vector space over F with a bilinear mapping
g× g→ g denoted (x, y) 7→ [x, y] and called the bracket of g and satisfying:
[x, x] = 0, ∀x ∈ g,
[[x, y], z] + [[y, z], x] + [[z, x], y] = 0, ∀x, y, z ∈ g.
A Lie algebra g is said to be solvable if g(k) = {0} for some integer k, where g(0) = g,
g(k) =
[
g(k−1), g(k−1)
]
, k ≥ 1. Any Lie algebra g contains a unique maximal solvable
ideal, called the radical of g and denoted by Radg. A non trivial Lie algebra g is called
semisimple if Radg = 0. That is equivalent to requiring that g have no nonzero abelian
ideals. A Lie algebra g is simple, if it has no non-trivial ideals and is not abelian.
We say that a Lie algebra g has a root decomposition with respect to an abelian
subalgebra h, if
g = h⊕
⊕
α∈R
gα,
where gα =
{
x ∈ g : [h, x] = α(h)x, ∀h ∈ h
}
and R =
{
α ∈ h∗\0 : gα 6= {0}
}
is the
corresponding root system and h∗ is the space of all linear functionals on h. In this case,
h is called splitting Cartan subalgebra of g, and g respectively the pair (g, h) is called
split Lie algebra.
Suppose that g is a Lie algebra over F which is a directed union of finite-dimensional
simple Lie algebras, that is, g = lim
−→
gα is the direct limit of a family (gα)α∈A of finite-
dimensional simple Lie algebras gα which are subalgebras of g and the directed order
≤ on the index set A is given by α ≤ β if gα ≤ gβ. A Lie algebra g of this form is said
to be locally finite simple Lie algebra.
Now following [10] we give a description of locally finite split simple Lie algebras.
For a set J we denote by MJ(F) = FJ×J the set of all J×J-matrices with entries in F.
LetMJ(F)rc−fin ⊆MJ(F) be the set of all J×J-matrices with at most finitely many non-
zero entries in each row and each column, and let glJ(F) denote the subspace consisting
of all matrices with at most finitely many non-zero entries. The matrix product xy is
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defined if at least one factor is in glJ(F) and the other is in MJ(F). In particular, glJ(F)
thus inherits the structure of locally finite Lie algebra via [x, y] := xy − yx and
slJ(F) =
{
x ∈ glJ(F) : tr(x) = 0
}
is a simple Lie algebra.
For i, j ∈ J denote by ei,j a matrix unit defined as
ei,j : J× J→ F, (k, s) 7−→ δikδsj,
where δi,j is the Kronecker symbol.
Set 2J := J ∪˙ − J, where −J denotes a copy of J whose elements are denoted by
−i (i ∈ J) and consider the 2J× 2J-matrices
q1 =
∑
i∈J
ei,−i + e−i,i and q2 =
∑
i∈J
ei,−i − e−i,i.
Set
oJ,J(F) =
{
x ∈ gl2J(F) : x
⊤q1 + q1x = 0
}
and
spJ(F) =
{
x ∈ gl2J(F) : x
⊤q2 + q2x = 0
}
.
By [11, Theorem IV.6] every infinite dimensional locally finite split simple Lie algebra
is isomorphic to one of the Lie algebras slJ(F), oJ,J(F), spJ(F), where J is an infinite set
with cardJ = dim g.
In the next section we shall use the following description of algebras of derivations of
locally finite simple Lie algebras [10, Theorem I.3]:
der (slJ(F) ∼= MJ(F)rc−fin/F1
der (oJ,J(F)) ∼=
{
x ∈MJ(F)rc−fin : x
⊤q1 + q1x = 0
}
der
(
spJ((F ))
)
∼=
{
x ∈MJ(F)rc−fin : x
⊤q2 + q2x = 0
}
,
where 1 = (δij) is the indentity matrix in MJ(F). In particular, any derivation D on
slJ(F) represented as
D(x) = [a, x], x ∈ slJ(F), (2.1)
where a ∈ MJ(F)rc−fin. Further, in the cases of algebras oJ,J(F) and spJ(F) an ele-
ment a ∈ MJ(F)rc−fin need to satisfy conditions a⊤q1 + q1a = 0 and a⊤q2 + q2a = 0,
respectively.
3. Main results
3.1. Local derivation on the locally finite split simple Lie algebras.
The main result of this subsection is given as follows.
Theorem 3.1. Let g be a locally finite split simple Lie algebras over a field of charac-
teristic zero. Then any local derivation on g is a derivation.
For the proof we need several Lemmata and from now on g is an one of the algebras
slJ(F), oJ,J(F), spJ(F) (see the end of the previous Section).
Any x ∈ MJ(F)rc−fin can be uniquely represented as
x =
∑
i,j∈J
xi,jei,j,
where xi,j ∈ F for all i, j ∈ J.
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For a subset I ⊂ J we shall identify the algebra MI(F)rc−fin with the subalgebra
in MJ(F)rc−fin, consisting of elements of the form x =
∑
i,j∈I
xi,jei,j, where xi,j ∈ F
for all i, j ∈ I. Further, for a finite subset I ⊂ J we define a projection mapping
piI : MJ(F)rc−fin →MI(F)rc−fin as follows
piI(x) =
∑
i,j∈I
xi,jei,j ,
where x =
∑
i,j∈J
xi,jei,j.
Lemma 3.2.
piI ([x, y]) = [piI(x), piI(y)]
for all x ∈MJ(F)rc−fin and y ∈MI(F)rc−fin.
Proof. Note that each matrix x ∈ MJ(F)rc−fin is represented as x = xI,I + xI,K +
xK,I + xK,K, where xI,I =
∑
i,j∈I
xi,jei,j , xI,K =
∑
i∈I,j∈K
xi,jei,j , xK,I =
∑
i∈K,j∈I
xi,jei,j, xK,K =
∑
i,j∈K
xi,jei,j and K = J \ I. Take the matrices x = xI,I + xI,K + xK,I + xK,K ∈MJ(F)rc−fin
and y = yI,I ∈MI(F)rc−fin. Then
piI ([x, y]) = piI ([xI,I + xI,K + xK,I + xK,K, yI,I])
= piI ([xI,I, yI,I]) + piI ([xI,K + xK,I + xK,K, yI,I])
= [xI,I, yI,I] = [piI(x), piI(y)] .

For a subset I ⊂ J denote by gI the subalgebra in g consisting of elements of the
form x =
∑
i,j∈I
xi,jei,j ∈ g, where xi,j ∈ F for all i, j ∈ I.
It is clear that the restriction piI|g of piI on g maps g onto gI.
Lemma 3.3. Let ∆ be a local derivation on g. Then the mapping ∆I on gI defined as
∆I(x) = piI(∆(x)), x ∈ gI
is a local derivation for all finite subset I in J.
Proof. Let x ∈ gI be an arbitrary element. By (2.1) there is an element ax ∈MJ(F)rc−fin
such that [ax, g] ⊆ g and ∆(x) = [ax, x]. Then by Lemma 3.2
∆I(x) = piI(∆(x)) = piI([ax, x]) = [piI(ax), piI(x)] = [piI(ax), x].
Thus ∆I is a local derivation. 
Proof of Theorem 3.1. Let ∆ be a local derivation g and let x ∈ g be an arbitrary
element. Take a finite subset I in J such that x, y,∆(x),∆(y),∆([x, y]) ∈ gI. By
Lemma 3.3, ∆I is a local derivation of gI. Since gI is a finite dimensional simple Lie
algebra, by [2, Theorem 3.1] ∆I is a derivation. Hence,
∆([x, y]) = ∆I([x, y]) = [∆I(x), y] + [x,∆I(y)] = [∆(x), y] + [x,∆(y)].
This means that ∆ is a derivation.
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3.2. 2-local derivations on the locally finite split simple Lie algebras.
In this subsection we study 2-local derivations on the locally finite split simple Lie
algebras.
Recall that a bilinear from κ on g is said to be non degenerate, i.e. κ(x, y) = 0 for
all y ∈ g implies that x = 0.
We shall use the following results from [10].
Proposition 3.4. There exists a nondegenerate invariant symmetric bilinear form κ
on g.
Proposition 3.5. Every invariant symmetric bilinear form κ on g is invariant under
all derivations of g.
The main results of this subsection is the following.
Theorem 3.6. Let g be a locally finite split simple Lie algebras over a field of charac-
teristic zero. Then any 2-local derivation on g is a derivation.
Proof. Let us first to show that ∇ is linear.
Let x, y, z ∈ g be arbitrary elements. Taking into account invariance of κ we obtain
κ(∇(x+ y), z) = κ(Dx+y,z(x+ y), z) = −κ(x+ y,Dx+y,z(z))
= −κ(x+ y,∇(z)) = −κ(x,∇(z)) − κ(y,∇(z))
= −κ(x,Dx,z(z))− k(y,Dy,z(z)) = κ(Dx,z(x), z)
+ κ(Dy,z, z) = κ(∇(x), z) + κ(∇(y), z)
= κ(∇(x) +∇(y), z),
i.e.
κ(∇(x+ y), z) = κ(∇(x) +∇(y), z)
Since κ is non-degenerate the last equality implies that
∇(x+ y) = ∇(x) +∇(y) for x, y ∈ g.
Further,
∇(λx) = Dλx,x(λx) = λDλx,x(x) = λ∇(x).
Hence, ∇ is linear, and therefore is a local derivation.
Finally, by Theorem 3.1 a local derivation ∇ is a derivation. 
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